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1 Introduction

In this coursework I will be investigating different numerical methods of solving equations. The following
methods are

• the change of sign method using decimal search,

• the Newton-Raphson method

• and rearrangement of f(x) = 0 in the form x = g(x).

The ease of application and when they should and should not be applied, including how different methods
fail on certain functions and when analytical techniques should instead be used will be investigated.

2 Change of sign by decimal search

Graphically, a function that has roots to the equation f(x) = 0 can be seen to cross or touch the x axis
of a graph. If crossing, the values of f(x) for values of x greater than or less than the root of f(x) = 0
and not beyond any other root will have opposite signs. This is the basis of the change of sign method.
A root can be estimated to any desired degree of accuracy by searching for the change of sign of f(x)
within an interval.

A systematic approach to this is the decimal search. An interval is split into ten and the values of
f(x) for the values of x within the interval are calculated until a change of sign is found. The two values
of x between which the sign of f(x) changes are then the next interval, and the process is repeated until
a value of a desired accuracy is found.

2.1 Example of the decimal search method

Let f(x) = x4 − 2x2 + 3x − 3 (Figure 1). The decimal search method will be applied to find a root of
f(x) = 0, accurate to a 0.0001 difference between the intervals at which the sign changes, i.e., [a,b] where
∆ab = 0.0001.

In this example we will look for the root on the right as seen in the graph below (an intersection with
the x axis implies root of f(x) = 0 exists). From inspection of the graph, the root lies between 1 and
2, or interval [1,2]. We will hence split this up into increments of 0.1 (ten intervals), and calculate the
values of f(x) until the sign changes.

x 1.0 1.1 1.2 1.3
f(x) -1.0000 -0.6559 -2.064 0.3761

The sign change is between 1.2 and 1.3. To reach a satisfactory level of accuracy, the decimal search
method is further applied again to divide the interval [1.2,1.3] by ten into increments of 0.01 as follows.

x 1.20 1.21 1.22 1.23 1.24
f(x) -0.2046 -0.1546 -0.1015 -0.0469 0.0090

This gives the interval [1.23,1.24], which we will split into increments of 0.001.
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2.2 Example of sign change method failure 2 CHANGE OF SIGN BY DECIMAL SEARCH
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Figure 1: f(x) = x4 − 2x2 + 3x− 3

x 1.230 1.231 1.232 1.233 1.234 1.235 1.236 1.237 1.238 1.239
f(x) -0.0469 -0.0414 -0.0359 -0.0303 -0.0247 -0.0191 -0.0135 -0.0079 -0.0023 0.0034

This gives the interval [1.238,1.239], which we will split into increments of 0.0001. This will give the
desired degree of accuracy as stated.

x 1.2380 1.2381 1.2382 1.2383 1.2384 1.2385
f(x) -0.00229 -0.00173 -0.00116 -0.00060 -0.00003 0.00053

This gives a satisfactory degree of accuracy, where f(x) = 0 for 1.2384 < x < 1.2385. The root
can also be written as x = 1.23845 ± 0.00005. Both forms describe the error bounds of the answer, as
illustrated in Figure 2. This means that the root, or where the function crosses the x axis, is between
1.2384 and 1.2385. Further iterations of the decimal search process will yield a more accurate answer
(and perhaps an exact one), and the error bounds indicate that the answer given is not definite.
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Figure 2: f(x) = x4 − 2x2 + 3x− 3, [1.2384,1.2385]

The decimal search method described was successful, as the function crosses the x axis between the
interval [1.2384,1.2385] (Figure 2). As discussed, an intersection of the x axis means that f(x) = 0 at
the point of intersection, which lies in between an interval. This is true because the value of f(1.2384) is
negative, and f(1.2385) positive, we know that between these two lines the axis is cut, and hence a root
lies in between.

2.2 Example of sign change method failure

In some cases, searching for a change of sign can be futile when there is a repeated root. As an example,
consider f(x) = 567x3 + 171x2 − 8x2 − 4 (Figure 3). For the left root, the sign does not change because
it a repeated root, occurring at a turning point of the function. For the change of sign method to work
correctly, there must be a change of sign. Consider the following table for the left root, interval [-1,0].
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-4

-2

2

-0.25 0.25 0.5y

x

O

−

−

�

U

Figure 3: f(x) = 567x3 + 171x2 − 8x2 − 4

x -1.0 -0.9 -0.8 -0.7 -0.6 -0.5 -0.4 -0.3 -0.2 -0.1
f(x) -392 -271.6 -178.5 -109.1 -60.11 -28.13 -9.728 -1.519 -0.0960 -2.057

For the last two values of x, the magnitude of f(x) changes from -0.0960 to -2.057. This means that
that the curve is closer to the x axis at x = 0.2 than at x = 0.1. Notice that there is no change of sign:
this means that the change of sign method can not be applied. The values of f(x) are always negative
around the repeated root on the left. As a repeated root, it only touches the axis, i.e. no sign change.
The turning point is at the root, and this can be seen on the graph: the value of f(x) is negative (below
the x axis) on each side of the root.

While it may be possible to discern and home into the location of the repeated root anyway, this
implies that the shape and nature of the curve is already known, which would require a graphing software
package of some kind. A pure change of sign method can not guarantee this. As such, a decimal search
on a repeated root fails.

3 The Newton-Raphson method

The Newton-Raphson method is a form of fixed point iteration. This type of numerical method takes the
form of an iterative formula which will give a more precise answer.

The Newton-Raphson method iteration works by finding the point at which a tangent to the curve
at an estimated root, x, crosses the x axis. This new point is then the “new” estimate, in that it is more
accurate in most cases if the initial estimate is close to the root.

We begin with an estimate, x0, which should be close to the root, although it need not be incredibly
accurate. The point on the curve would be (x0, f(x0)). To find the next estimate, consider a tangent at
this point, which can be expressed as follows:

y − y0 = m(x− x0)

The gradient of the tangent, m, is the derivative of the function f(x) at x0; f ′(x)

=⇒ y − f(x0) = f ′(x)[x− x0]

The new estimate, x1, is the point at which the tangent crosses the x axis, where y = 0

=⇒ x1 − x0 =
−f(x0)
f ′(x)

=⇒ x1 = x0 −
f(x0)
f ′(x)

x1 is the new, more accurate estimate of the root of f(x), and the above rule can be generalized to:

xn+1 = xn −
f(xn)
f ′(xn)
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3.1 Example of the Newton-Raphson method 3 THE NEWTON-RAPHSON METHOD

This is known as the Newton-Raphson iterative formula, and it is what we use in the numerical
method to find an estimate for the root, given an initial estimate.

3.1 Example of the Newton-Raphson method

Let f(x) = x4 − x3 − 3x2 + 2 (Figure 4). We will find both roots to the equation f(x) = 0 by the
Newton-Raphson method, beginning with the right root.
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Figure 4: f(x) = x4 − x3 − 3x2 + 2

The Newton-Raphson method first requires an estimate of the root. This need not be particularly
accurate, and so an integer estimate is sufficient. The formula converges reasonably quickly. Our first
estimate will be x0 = 2, as 2 is quite close on the graph (Figure 4).

To find x1, the next estimate, we substitute xn for x0 into the Newton-Raphson formula:

x1 = x0 −
f(x0)
f ′(x0)

= x0 −
x4 − x3 − 3x2 + 2

4x3 − 3x2 − 6x

= 2− 24 − 23 − 3× 22 + 2
4× 23 − 3× 22 − 6× 2

= 2.25

This is the new estimate. As the formula is iterative, we hence substitute xn with x1 to get the next
estimate:

x2 = x0 −
f(x0)
f ′(x0)

= x0 −
x4 − x3 − 3x2 + 2

4x3 − 3x2 − 6x

= 2.25− 2.254 − 2.253 − 3× 2.252 + 2
4× 2.253 − 3× 2.252 − 6× 2.25

= 2.18773

This process is repeated until a desired degree of accuracy is reached. While it is possible to repeat
the steps above over and over, it is easier to calculate values with a spreadsheet computer software
package.1 The following is an excerpt of a spreadsheet, with values and formulas displayed respectively.

1Technologies used are discussed in detail later.
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3.1 Example of the Newton-Raphson method 3 THE NEWTON-RAPHSON METHOD

Notice that at A6 and A7 have the same value. This shows the convergence of the formula on the root
of the function. Figure 5 illustrates the process above with tangents and intermediate root estimates.

Note that only a few tangents are shown, and that it is not to scale. This is because the formula
rapidly converges on the root in most cases, including this one. It is difficult to illustrate every tangent
on the same graph because of the great difference in scale through the iteration. An explanation of the
illustration follows.

A

1 2
2 2.25
3 2.18773148
4 2.18231049
5 2.18227091
6 2.18227091
7 2.18227091
...

...

A

1 2
2 =A1-(A1^4-A1^3-3*A1^2+2)/(4*A1^3-3*A1^2-6*A1)
3 =A2-(A2^4-A2^3-3*A2^2+2)/(4*A2^3-3*A2^2-6*A2)
4 =A3-(A3^4-A3^3-3*A3^2+2)/(4*A3^3-3*A3^2-6*A3)
5 =A4-(A4^4-A4^3-3*A4^2+2)/(4*A4^3-3*A4^2-6*A4)
6 =A5-(A5^4-A5^3-3*A5^2+2)/(4*A5^3-3*A5^2-6*A5)
7 =A6-(A6^4-A6^3-3*A6^2+2)/(4*A6^3-3*A6^2-6*A6)
...

...
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Figure 5: Newton-Raphson tangent diagram for f(x) = x4 − x3 − 3x2 + 2, estimates x0, . . . , x3

The first estimate x0, 2, is made because it is the closest integer point to the curve. A tangent is
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3.2 Example of Newton-Raphson method failure 3 THE NEWTON-RAPHSON METHOD

drawn to the curve at (x0, f(x0)) as seen above, and the next estimate x1, 2.25, is noted where the
tangent crosses the x axis. A tangent to the curve at point (x1, f(x1)) is then drawn from there, and
the next root found. The process is repeated until a satisfactory degree of accuracy is achieved, or the
formula starts to give the same value (the formula converges on this particular value).

As seen in the spreadsheet excerpt above, our final value given by the Newton-Raphson method for
this root is 2.1822 < x < 2.1823 to 5 significant figures. Again, this shows the error bounds of the answer;
relevant because the result is not exact (it is found by a numerical method and not analytically). We
can verify that there is a root roughly at this point by considering the interval [2.18225,2.18235].

f(2.18225) = 2.182254 − 2.182253 − 3× 2.182252 + 2

= −2.967× 10−4

f(2.18235) = 2.182354 − 2.182353 − 3× 2.182352 + 2

= 1.122× 10−3 = 0.001122

There is a sign change in this interval, and so the root must have been located. The Newton-Raphson
method was successful on this root. We will now find the next (left) root, briefly, before considering
failures of the Newton-Raphson method.

To find the left root, we must make another estimate. From observation of the graph in Figure 4, an
integer value of 1 is appropriate. Time can be saved by using a spreadsheet software package as with the
previous root. Below is an excerpt of this for the second root.

B

1 1
2 0.8
3 0.79520548
4 0.79519773
5 0.79519773
6 0.79519773
...

...

B

1 1
2 =B1-(B1^4-B1^3-3*B1^2+2)/(4*B1^3-3*B1^2-6*B1)
3 =B2-(B2^4-B2^3-3*B2^2+2)/(4*B2^3-3*B2^2-6*B2)
4 =B3-(B3^4-B3^3-3*B3^2+2)/(4*B3^3-3*B3^2-6*B3)
5 =B4-(B4^4-B4^3-3*B4^2+2)/(4*B4^3-3*B4^2-6*B4)
6 =B5-(B5^4-B5^3-3*B5^2+2)/(4*B5^3-3*B5^2-6*B5)
...

...

This gives us the root 0.79519 < x < 0.79520 to 5 significant figures.

3.2 Example of Newton-Raphson method failure

The Newton-Raphson method converges quickly, but it also easily fails to find particular roots. The
main cases of failure are:

• the root is close to a turning point, and the closest integer estimate converges on a different root

• the Newton-Raphson formula diverges towards infinity

Following is an example of how the Newton-Raphson method fails to find a root close to a turning
point given a reasonable integer estimate.

Let f(x) = x4 − 3x3 + x2 + x + 1.9 (Figure 6). In this example we will try to find the left root of the
equation f(x) = 0. This woud give the Newton-Raphson formula xn+1 = xn − x4−3x3+x2+x+1.9

4x2−9x2+x+1 .
The closest integer to the left root, from observation, is 2. Putting this into a spreadsheet software

package should give us the results of the Newton-Raphson formula iteration, as we have done before:

C

1 2
2 2.1
3 2.07059514
4 2.06707621
5 2.06702644
6 2.06702643
7 2.06702643
...

...

C

1 2
2 =C1-(C1^4-3*C1^3+C1^2+C1+1.9)/(4*C1^3-9*C1^2+2*C1+1)
3 =C2-(C2^4-3*C2^3+C2^2+C2+1.9)/(4*C2^3-9*C2^2+2*C2+1)
4 =C3-(C3^4-3*C3^3+C3^2+C3+1.9)/(4*C3^3-9*C3^2+2*C3+1)
5 =C4-(C4^4-3*C4^3+C4^2+C4+1.9)/(4*C4^3-9*C4^2+2*C4+1)
6 =C5-(C5^4-3*C5^3+C5^2+C5+1.9)/(4*C5^3-9*C5^2+2*C5+1)
7 =C6-(C6^4-3*C6^3+C6^2+C6+1.9)/(4*C6^3-9*C6^2+2*C6+1)
...

...
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Figure 6: f(x) = x4 − 3x3 + x2 + x + 1.9

Notice the value that the Newton-Raphson formula converges on, 2.06702 (5 significant figures), is
greater than 2, and by observation the root we are looking for (the left one) is less than 2. The formula
instead converges on the right root. Using 0, 1 and 3 as initial estimates also results in convergence
towards the right hand root. The Newton-Raphson method therefore fails to find the left hand root in
this example. This is a typical case of Newton-Raphson failure: the two roots are too close to a turning
point, and so the tangents will quickly change from their typical orientation as they iterate about the
turn.
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Figure 7: Failure of Netwon-Raphson for left root, f(x) = x4 − 3x3 + x2 + x + 1.9

Notice in Figure 7 that the tangent at 2 on f(x) crosses the x axis at the right hand side, and then
progressive tangents begin to tend to the right hand root, which is not intended. The method breaks
down because the first tangent crosses to the right of the right root.
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4 REARRANGEMENT METHOD

4 Rearrangement method

The final method is the Rearrangement method, whereby we rearrange the equation f(x) = 0 to x = g(x).
The function g(x) is then used as an iterative formula, like the Newton-Raphson formula, such that
xn+1 = g(xn).

It is likely that there will be multiple forms of x = g(x). For example, f(x) = x4 + x3 + x2 + x + 1
has 4 different forms:

• g(x) = 4
√
−x3 − x2 − x− 1

• g(x) = 3
√
−x4 − x2 − x− 1

• g(x) = 2
√
−x4 − x3 − x− 1

• g(x) = −x4 − x3 − x2 − 1

Different forms will find different roots. It is important to select a suitable one, or the method will
fail. We will look at this in the following example.

When plotted on a graph with y = g(x) and y = x, the x coordinate of the intersection between the
two functions is the root of the equation f(x) = 0. This is because the function g(x) was formed by
an equation x = g(x). Given that on the graph, y = x, we can infer that the point of intersection is
x = g(x), satisfying the root of f(x) = 0.

4.1 Example of the rearrangement method

Let f(x) = x4 + x3 − x2 − x − 2 (Figure 8). In this example, we will apply the rearrangement method
to the middle root.

-4

-2

2

4

-4 -3 -2 -1 1 2 3 4

y

x

O

Figure 8: f(x) = x4 + x3 − x2 − x− 2

The first step is to rearrange the equation f(x) = 0 into function x = f(x). As noted before, there
are multiple forms of x = g(x). We will rearrange with respect to x4, then hence to x:

0 = x4 + x3 − x2 − x− 2

x4 = −x3 + x2 + x + 2

x = 4
√
−x3 + x2 + x + 2

x = g(x) = 4
√
−x3 + x2 + x + 2

The process is iterative. We take our initial estimate, x0, and find x1 using g(x) according to the
general formula xn+1 = g(x):
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4.1 Example of the rearrangement method 4 REARRANGEMENT METHOD

x1 = g(x0)

= 4

√
−x3

0 + x2
0 + x0 + 2

= 4
√
−13 + 12 + 1 + 2

= 4
√

3
= 1.3161

Figure 9 shows the equations y = g(x) and y = x plotted along with y = f(x). Note that the point
of intersection between y = g(x) and y = x appears to have the same x value as the right root of the
equation f(x) = 0.
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y = g(x)
y = f(x)

y = x

Figure 9: y = f(x) = x4 + x3 − x2 − x− 2, y = g(x) = 4
√
−x3 + x2 + x + 2, y = x

The rest of the values can be calculated by a spreadsheet:

D

1 1
2 1.31607401
3 1.28992883
4 1.29443541
5 1.29369464
6 1.29381742
7 1.29379710
8 1.29380046
9 1.29379990
10 1.2938
11 1.29379998
12 1.29379998
...

...

D

1 2
2 =(-D1^3+D1^2+D1+2)^0.25
3 =(-D2^3+D2^2+D2+2)^0.25
4 =(-D3^3+D3^2+D3+2)^0.25
5 =(-D4^3+D4^2+D4+2)^0.25
6 =(-D5^3+D5^2+D5+2)^0.25
7 =(-D6^3+D6^2+D6+2)^0.25
8 =(-D7^3+D7^2+D7+2)^0.25
9 =(-D8^3+D8^2+D8+2)^0.25
10 =(-D9^3+D9^2+D9+2)^0.25
11 =(-D10^3+D10^2+D10+2)^0.25
12 =(-D11^3+D11^2+D11+2)^0.25
...

...

This is illustrated in Figure 10. Our value is 1.2937 < x < 1.2938 to 5 significant figures. Notice
that y = x is also plotted on the graph in Figure 9, and the “cobweb” effect formed. Given a value
of g(x), from the function y = g(x), we follow up the given y value to the equation y = x, giving the
new estimate. This is a graphical representation of the method, and illustrates well how the formula
converges.
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4.1 Example of the rearrangement method 4 REARRANGEMENT METHOD

We can verify this answer by substituting 1.2937 and 1.2938 into f(x):

f(1.2937) = 1.29374 + 1.29373 − 1.29372 − 1.2937− 2

= −1.0093× 10−3

f(1.2938) = 1.29384 + 1.29383 − 1.29382 − 1.2938− 2

= 1.8144× 10−7

Noitce the sign changes. This indicates that there is a root between these two values, and to 5
significant figures our rearrangement method is a success because a root lies in between our bounds.
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Figure 10: Cobweb pattern for convergence of g(x) with y = g(x) and y = x

The illustration is interpreted as follows: the initial estimate, 1, is followed up to the curve y = g(x),
and the y coordinate of that point is hence used in the next iteration. This is seen by the horizontal
line leading to the y = x line, and then the vertical line down to the y = g(x) curve again. Since y = x
here, the two lines represent the substitution of the y coordinate into g(x). The process repeats, and
ultimately converges on the intersection between the two lines. The x coordinate of this point is also the
root of the equation f(x) = 0 that we are looking for (the right hand one).
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4.2 Example of rearrangement method failure 4 REARRANGEMENT METHOD

4.2 Example of rearrangement method failure

While we have seen the rearrangement method’s success in converging on the intersection between the
two equations y = g(x) and y = x, it is also possible for the function g(x) to diverge during iteration.
The general rule of in this case is that if the magnitude of the gradient of y = g(x) at the point of
intersection with y = x is greater than 1, the function g(x) will diverge. That is, if |g′(x)| > 1 then it
will diverge.

Using the same f(x), we will take the rearranged function x =
√

x4 + x3 − x− 2 to demonstrate
failure to find the right root. Figure 11 shows y = f(x), y = g(x) and y = x. Noitce that the gradient of
y = g(x) at the intersection between y = x and y = g(x) is much greater than 1: this function of g(x) is
undefined for the first, closer, estimate of 1, so instead consider an estimate of 2.
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Figure 11: y = f(x) = x4 + x3 − x2 − x− 2, y = g(x) =
√

x4 + x3 − x− 2, y = x

The spreadsheet excerpt below shows how the values diverge towards infinity:

E

1 2
2 4.47213595
3 21.9765917
4 493.812368
5 244097.435
6 59583679910
7 3.550214912E+21
8 1.260402592E+43
9 1.588614695E+86
...

...

E

1 2
2 =sqrt(E1^4+E1^3-E1-2)
3 =sqrt(E2^4+E2^3-E2-2)
4 =sqrt(E3^4+E3^3-E3-2)
5 =sqrt(E4^4+E4^3-E4-2)
6 =sqrt(E5^4+E5^3-E5-2)
7 =sqrt(E6^4+E6^3-E6-2)
8 =sqrt(E7^4+E7^3-E7-2)
9 =sqrt(E8^4+E8^3-E8-2)
...

...

To understand what is going on, consider Figure 12. Notice that a staircase effect forms, and the
progressive estimates for the root rise very quickly and diverge towards infinity. The g(x) function is
inappropriate for this scenario, and this is a failure of the rearrangement method.

Recalling the rule that for |g′(x)| > 1 at the intersection between y = g(x) and y = x, we can see
why. If the gradient is steep, then it is likely that the iteration will continually yield greater answers
because the gradient exceeds that of y = x.
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5 COMPARISON OF METHODS
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Figure 12: Divergence of second g(x) with y = g(x) and y = x

5 Comparison of methods

In this section we compare the merits of each method, considering ease of use and number of steps
required.

We will use the function used in the previous rearrangement example, f(x) = x4 + x3 − x2 − x − 2
(Figure 13). We will look for the right root of this. We have already found the root to 5 significant figures
by the rearrangement method, but the process will be repeated and steps described more thoroughly in
this section with respect to how easy a method is to use.

-4

-2

2

4

-4 -3 -2 -1 1 2 3 4

y

x

O

Figure 13: f(x) = x4 + x3 − x2 − x− 2

5.1 Decimal search method

The right root, which we are searching for, is between 1 and 2. This would then be split into 10 parts
until a change of sign is found. This is a very easy operation to do on a spreadsheet software package.
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5.2 Newton-Raphson method 5 COMPARISON OF METHODS

In column A, insert numbers 1.0, 1.1, . . . , 2.0. In column B, put in the formula Ax^4+Ax^3-Ax^2-Ax-2
where Ax is [1..11] for the respective values in column A. Below shows the spreadsheet.

A B

1 1.0 -2
2 1.1 -1.515
3 1.2 -0.8384
4 1.3 0.0631
5 1.4 1.2256
6 1.5 2.6875
7 1.6 4.4896
8 1.7 6.6751
9 1.8 9.2896
10 1.9 12.3811
11 2.0 16

To reach the desired degree of accuracy (5 significant figures), this must be repeated. Below shows
further results.

C D E F G H

1 1.20 -0.8384 1.290 -0.03818219 1.2930 -0.00806916
2 1.21 -0.75895019 1.291 -0.02817027 1.2931 -0.0070614
3 1.22 -0.67721744 1.292 -0.01813261 1.2932 -0.00605338
4 1.23 -0.59316659 1.293 -0.00806916 1.2933 -0.0050451
5 1.24 -0.50676224 1.294 0.0020201 1.2934 -0.00403656
6 1.25 -0.41796875 1.295 0.01213523 1.2935 -0.00302776
7 1.26 -0.32675024 1.296 0.02227624 1.2936 -0.00201871
8 1.27 -0.23307059 1.297 0.03244319 1.2937 -0.00100939
9 1.28 -0.13689344 1.298 0.04263611 1.2938 0.00000018
10 1.29 -0.03818219 1.300 0.05285503 1.2939 0.00101001
11 1.30 0.0631 1.290 0.0631 1.2940 0.0020201

Giving the root 1.2937 < x < 1.2938.
The decimal search requires a lot of work to calculate to a satisfactory value because there is a lot of

spreadsheet manipulation involved. While the method is simple, it can be tedious to carry out on any
spreadsheet software package.

On the contrary, the decimal search is very easy to understand and apply. Given that a root must
lie between two intervals of opposite sign, anybody can carry out the decimal search without very much
understanding. The spreadsheet manipulation is also simple.

In terms of speed of convergence, the decimal search method is very slow – many steps must be done
to reach the desired degree of accuracy.2

5.2 Newton-Raphson method

The Newton-Raphson formula is

xn+1 = xn −
f(xn)
f ′(xn)

,

so we must find the derivative of f(x). This is a trivial differentiation, but would cause problems if
somebody did not know how to differentiate (the skill is not required for the other methods).

f ′(x) = 4x3 + 3x2 − 2x− 1

The next step is simply to iterate the formula given a starting estimate. A reasonable integer estimate
for the function (Figure 13) is 1. This can easily be put into a spreadsheet, using the general formula
=Ax-(Ax^4+Ax^3-Ax^2-Ax-2)/(4*Ax^3+3*Ax^2-2*Ax-1).

2The number of steps could be lower if we were to go to the next interval immediately after a change of sign, rather
than calculating the remaining values as seen in the spreadsheet excerpt above.
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A

1 1
2 1.5
3 1.33461538
4 1.29580116
5 1.29380509
6 1.29379998
7 1.29379998
8 1.29379998
...

...

This gives us the same root as the decimal search, 1.2937 < x < 1.2938.
The method is very easy to input into a spreadsheet. The first cell is to be the estimate, the second

is the general formula above for A1, and the rest of the rows can be auto-completed by dragging the
second cell downwards.

The Newton-Raphson method converges very quickly on the root. It does however require the skill
to differentiate, so it is not possible for everybody to use immediately.

5.3 Rearrangement method

This method has already been applied above, but the numbers and a brief explanation are repeated for
the sake of comparison.

We must rearrange the equation f(x) = 0 in the form x = g(x). The form used here is g(x) =√
x4 + x3 − x− 2.

Like the Newton-Raphson formula, we can input this into a spreadsheet quickly, using the general
formula =(-Ax^3+Ax^2+Ax+2)^0.25. Our estimate is the same as that for the Newton-Raphson method,
1.

A

1 1
2 1.31607401
3 1.28992883
4 1.29443541
5 1.29369464
6 1.29381742
7 1.29379710
8 1.29380046
9 1.29379990
10 1.2938
11 1.29379998
12 1.29379998
...

...

As above, this gives the root 1.2937 < x < 1.2938.
Like the Newton-Raphson method, this can be input quickly into a spreadsheet with cell 1 as the

estimate, cell 2 with the general formula for A1, and then the second cell dragged down. This is very
easy.

The rearrangement method only requires the ability to rearrange the equation f(x) = 0, which in
this (and most) cases should be reasonably simple. Experimentation is however required to make sure
that an appropriate g(x) is chosen. In some cases, there may be no appropriate g(x) form, either.

This converges more slowly than the Newton-Raphson method, but more quickly than the decimal
search method. In some cases, the formula can take a very long time to converge. Given spreadsheet
software, this is not a problem, however if unavailable it may be very time consuming.

5.4 Comparison

asdf
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5.5 Technologies used
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